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We solve the nonlinear heat-transfer problem in a semitransparent optically thick body by the 
finite-differences method in combination with the small-parameter method. 
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The h e a t - t r a n s f e r  p r o c e s s e s  in nonl inear  media  have been given cons iderab le  at tention in r ecen t  y ea r s .  
Inves t iga to r s  a r e  gene ra l ly  f a m i l i a r  with the heat -conduct ion equations r e l a t ed  to h i g h - t e m p e r a t u r e  p r o c e s s e s  
when the t he rmophys i ea l  p r o p e r t i e s  of the med ium v a r y  with the t e m p e r a t u r e .  However ,  the nonl inear i ty  may  
also  be  due to in te rna l  c aus e s  and a t t r ibutable  to the p r o p e r t i e s  of the ma te r i a l .  

In the p r e s e n t  study we cons ide r  the t h e r m a l  f ield of a s e m i t r a n s p a r e n t ,  hard,  opt ical ly  thick body with 
a d i r ec t  c u r r e n t  fed to i ts  su r face .  P a r t  of the c u r r e n t  is r e f l ec ted  f r o m  the su r f ace  of the body, while the 
remain ing  pa r t ,  pa s s ing  through the body, is continuously at tenuated because  of in ternal  absorp t ion  by the 
ma te r i a l .  Radiant  t r a n s f e r  of ene rgy  takes  p lace  within the body. This effect  leads to the appearance  of a non- 
l inea r  t e r m  i n t h e  hea t -ba l ance  equation [1, 2 ]. 

The t e m p e r a t u r e  inside the body will  sa t i s fy  the equation 

OT cp ~ = div (L grad T +  F). 
Ot 

Here  c, p, X a r e  the heat  capaci ty ,  densi ty,  and t h e r m a l  conductivi ty of the medium,  respec t ive ly ;  T, t e m -  
p e r a t u r e ;  t, t ime;  F, r a d i a n t - e n e r g y  flux. 

4a 
F ----- - -  grad T ~, 

3czp 

where  a is the S t e f a n - B o l t z m a n n  c o n s t a n t ;  a p  is  the coeff ic ient  of  absorp t ion  of the radiat ion.  

I. F in i t e -Di f f e rence  Method. Suppose that the body is a pla te  of finite th ickness  and unbounded length: 
a T  a2T d~T ~" . . . . .  a 2 -q- ~z 2 - - ,  (1) 
at  a x 2 a x 2 

q =0,  (2) T ( x ,  0 ) = 0 ,  Tx(0, t)----- 0, - - T = ( I ,  t ) -q- - -[ -  

q is  the cons t an t  flux on the ex te rna l  sur face ;  a 2 = k / c o ;  ~2 = 4a /3cpap  << 1. 

W e  cons t ruc t  the d i f fe rence  s y s t e m  for  p r o b l e m  (1) - (2 ) .  
x - '  [Ui.~+l - -  Ujh] = a~h -2 [Ui+, .k+i - -  2Ui ,k+l  + U i - I  .~+1] -q- 

+ h -2 [4r162 (Ui+l  ,~,+l - -  Ui.~,+l ) - -  4~z~Ui-I ,~, (Ui,~+l - -  U i - I  .k+l)], (3) 

Uj0 = 0; U0~ = Uik; U~h--  UN--1.h = hq l - l ;  1=0, 1 . . . . .  N; (4) 

k = 0 , 1  . . . .  

This s cheme  app rox ima te s  p r o b l e m  r (2) to the o r d e r  O( r  + h) ,  where  h is the s tep along the x axis and 
r i s  the s tep along the t axis .  Let  U h be  the g r id  function. We wr i te  

R h U h ~  (a2q - 4~zzU~k) xh -2Ui+ ,  .~+1 q-  (a2q - 4cr .n) xh -2Ui  - l  .k+l - -  

[ l + 2a2-di-'~4cz2-~h - z  ( U~k + U~_~ .h)] U i.k+~ + U ]r~ = 0, (5) 

l l U  h ~ U ok - -  U tk = O, 19.U h --- Urn, - -  U N -  I .~, = hq l - l . (6) 
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We make  use  of  the B a b e n k o - G e l ' f a n d  c r i t e r i o n  [3]: p r o b l e m  (5) - (6)  is s table  if  the s e t  of e igenva lues  
of  each  of the fol lowing th ree  p r o b l e m s :  

RhU h = O ,  U s o = O ,  j = O ,  +_I ,  +_2 . . . .  ; U j k j ~ O  (7) 

(the coef f i c ien t s  f o r  U j~ ,k -~ ,  Uj,k§ 1, Uj- l ,k§  t a r e  f r o z e n  at an a r b i t r a r y  i n t e r i o r  point  (x, t), 0 < x < l ,  0 < 
l <T), 

R~U '~= O, I,U h = 0, ] = 0, i . . . .  ; Uj~ , 0 (8) 

(the coef f i c ien t s  f o r  Uj+bk+ 1, Uj,k§ Uj-l ,k§ a r e  f rozen  at the point  (0, t) ), 

Rh U t ' = O ,  t2U h = O ,  ] = 0 ,  - -  I, - - 2  . . . .  ; U~h > 0 (9) 

(the coef f i c ien t s  f o r  Uj+l,k+l, Uj,k+t, Uj_ l,k+l a r e  f r o z e n  at the point  ( I ,  t)) l ies  in the unit  disk.  

Inves t iga t ing  p r o b l e m  (7), we find the s p e c t r u m  of  the d i f f e rence  o p e r a t o r ,  pa s s ing  f r o m  l a y e r  t k to 
l a y e r  tk+ 1 at the i n t e r i o r  points  of  the reg ion ,  d i s r e g a r d i n g  the bounda ry  condi t ions .  

In inves t iga t ing  p r o b l e m  (8), we take accoun t  of the e f fec t  of the l e f t -hand  bounda ry  condi t ion but  d i s r e -  
g a r d  the r i g h t - h a n d  condit ion,  and v ice  v e r s a  in the c a s e  of  (9). 

1. We c o n s i d e r  the p r o b l e m  (7). We sha l l  t r y  to find a solut ion of this  equat ion in the f o r m  

Ujk = ~kZi. (10) 

Subst i tut ing (10) into (7), we obtain 

AL~+'Zi+~ - -  BL~+~Z i Jr- CLr'+'Z :-~ -~ L~ZI = O. 

H e r e  

A = zh -2 (a 2 ~- 4a2U~n ); C = Th -2 (a 2 + 4~2U~l.n); B :  I ~ - A + C .  (!1)  

Suppose that the coefficients A, B, C are frozen at an arbitrary interior point. We find Z: 

~. [AZ 2 - -  BZ -[- C] = - -  Z, AZ  2 -  (B - -  ~-i) Z § C : 0, 

1 
Z1 2 =  [ B - - k - I + V - ( B - - ~ - ~ ) ~ - - 4 A C ] .  (12) 

' 2 A  

I f  Z = Z l, a t  Z = Z2, then (10) is the solut ion of  p r o b l e m  (7). 

Func t ion  khzJ  can r e m a i n  bounded only when [ Z [ = 1, i .e . ,  Z = exp( i~) .  The re fo re ,  the so lu t ion  of  
p r o b l e m  (7) m u s t  be sought  in f o r m  ~k exp (i~), whe re  it fol lows f r o m  (11) that  

1 = 1 q- 4 a ~ h  sin ~ - -  4cr -z [U~ (e ~ - -  1) + U~_~ .k ( e-i~ - -  1)]. 
2 

Since a is sma l l  by  hypothes i s ,  i t  fo l lows that  l )~ [ < 1 for  any z,  h. 

f o r m  gZ k , 2 "  We[z2COnsider[< 1: p r o b l e m  (8). I ts  so lu t ion  m u s t  s a t i s fy  the condi t ion Ujk ] - - ~  0 and consequen t ly  has  the 

Uj~ : g (2A)-~ [B - -  )~-' - -  V(B - -  k-~) 2 - -  4AC]. 

The value of k m u s t  be found in such  a way  that  Ujk sa t i s f i e s  the bounda ry  condi t ion 

liU h ~ Ul~ - -  Uok = O, g (Z - -  1) = 0. 

But  [ Z[ ~ 1; consequent ly ,  g = 0 and p r o b l e m  (8) has  no e igenva lues .  

3. We c o n s i d e r  p r o b l e m  (9). We shal l  t r y  to find its so lut ion in the f o r m  Ujk = gZ k. By a r e a s o n i n g  
ana logous  to the p r e v i o u s  ca se ,  we see  that  p r o b l e m  (9) has  no e igenvalues .  

Thus,  the se t  of e igenva lues  of  p r o b l e m s  (7) - (9)  l ies  in the unit  disk. By the Babenko-Ge l ' f and  c r i t e r i on ,  
p r o b l e m  (3) - (4)  is s table .  

II. S m a l l - P a r a m e t e r  Method. In inves t iga t ing  a p r o c e s s  i t  is  of ten n e c e s s a r y  to know how the non l inea r -  
i ty  on the r igh t  s ide af fec ts  the solut ion and how the solut ion of  the l inea r  equat ion and the solut ion of  the equa-  
t ion with the added non l inea r  t e r m  a r e  re la ted .  In our  c a s e  we a r e  i n t e r e s t ed  in es tab l i sh ing  the effect  of the 
r a d i a n t - e n e r g y  s o u r c e  (4a/3o~p)grad T 4 on the t h e r m a l  s ta te  of  the body.  
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To do this ,  we used  the s m a l l - p a r a m e t e r  method. It  is  convenient  to use  a d imens ion less  quantity as the 
p a r a m e t e r .  There fo re ,  we reduce  (1)-(2)  to the d imens ion less  f o r m  

by  means  of the change of va r i ab l e s  

Fo - - - - -  

OV OzV 02 (1 + V)i 
- -  = ~ + ~ t  
0 Fo Oy ~ c)y s (13) 

V (y, O) = O, Vutv= o --- O, Vulu= , = Ki 

aZt x l ' y : -~- ' To ----- 293~ V= T- -  T_____~o 
To ' 

4(~T~ , Ki = el 
= 3a2cp% a2cpT----~ �9 

The solution of p r o b l e m  (13) will be  sought in the f o r m  of a s e r i e s  in powers  of the p a r a m e t e r  #: 

V= Vt + ~V. + 9zV.~ + . . .  (14) 

Substituting (14) into (13), we c o m p a r e  the coeff ic ients  for  equal powers  of ~ and obtain the sequence of 
solutions 

OV, 02Vi 

0 Fo Oy z 

OV s 02V~ 
0 Fo = ' Oy ~ + 12 (1 + Vi) ~ (VIv)~ + 4 (I + Vt)S OWi 

093 ' (15)  

�9 �9 ~ . . . .  �9 ~ . �9 . ~ . �9 . . . .  �9 �9 ~ �9 ~ 

ov. _ o~v.  + l (v ,  . . . .  v . _ , ,  v ~ , ,  . .  v i , , _ , , ) .  
0 Fo Oy z ' " ' 

We solve the f i r s t  equation for  the or iginal  ini t ial  and boundary  conditions,  and all the o ther  equations 
fo r  ze ro  conditions. The solution of the p rob l e m 

OV l OW, 

0 F o  OY2 ' (16) 

V l (y, O) = O, V~uiv=o = O, V;v!v=, = Ki 

by the f in i te -d i f fe rence  method can  be c a r r i e d  out without difficulty, and we shal l  not d i scuss  it fur ther .  

The function V2 is a solution of the p r o b l e m  

OV____)_ = O~V.____._~ + 12 (1 + V,) 2 (V[~) 2 + 4 (I + V0 s 0W----L 
0 Fo 09 z �9 Oy 2 ' 

V2 (y, O) = V~vlv=o --  V~v!v=, = O. 

Here  

(17) 

Using the gr id  yj = jh, (Fo )k  = kT, we cons t ruc t  a d i f ference  scheme  approximat ing  p rob l em (17): 

_ h2~ (2) (Ui,k.+, --Ujk) h2~ -~ - U]+,,k+, - 2Ui,~+t + Uj-, ,~-I  + ,j ,k+,, (18) 

U~0 = 0, U0h = Ut~, UN~ = U#-l.k.  

h 2~(2) = 12 [1 + VI;i, ~+~]z [Vt:i+l,~+l - -  Vl;l",k+l].-{- 4 [1 + Vl;i,h+l] s [V1;i+l,k+l - -  2Vl:],k+l + Vl;i--l,k+l], 
t l , k + l  

f(2) is  a known function, s ince the values  of Vt at the points of  the gr id  have a l ready  been found f r o m  (16). j,k§ 
I t  is not difficult  to see  that  all  the e igenvalues  A of the d i f ference  ope ra to r  of the l inear  p rob l em (18) l ie in 
the unit  disk: 

~ = (1 + 4a'~h-'  s i n - ~ ) - ' .  

Consequently,  s cheme  (18) is stable�9 

Af te r  obtaining V2, we p r o c e e d t o  solve the third equation, etc.  The d i f fe rence  scheme  for  the n- th  ap-  
p rox imat ion  has  the f o r m  
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o 07 o,~ 0,6 o,8 Fo 
Fig. 1. Dimensionless t empera ture  V as a 
function of dimensionless  time Fo for values 
of the c r i t e r ion  Ki = 0.5 (1); 1.0 (2); 2.0 (3); 
3.0 (4) for  problem (19)-(20).  The solid 
curves  indicate the solution of the problem by 
the s m a l l - p a r a m e t e r  method with two te rms  
of the expansion (15), and the dashed curves  
r ep resen t  the solution of the problem obtained 
by method of simulation on the R gr id analog. 

hz~(n) (Ui,h+l - -  Uj~) "~-th2 = Ui+l ,k+l  - -  2Uij ,+] + U / - i , ~ + i  -? li,~+1 , 

Ujo = O, Uo~ = Ui~ ,  Uuh = UN--I ,h .  

This scheme differs f rom (18) only in the fo rm of the free term,  which is a function of the previously found 
quantities V1 . . . . .  Vn-~, (V1)y . . . . .  (Vn-1)y- If in the expansion in t e rms  of the pa rame te r  we take, e.g., three 
t e rms ,  then the calculation can be conveniently ca r r i ed  out as follows: 

1) find the values of V1 on the f i rs t  t ime layer  Fo = T; 

2) calculate the values of f~) on the l ayer  Fo = ~'; 

3) find the solution of problem (18), i.e., the values of V2, on the layer  Fo = r;  

4) calculate the values of the r ight-hand side f~) of the following difference problem on the layer  
Fo =~'; 

j- 

5) find the approximate values of V 3 on the layer  Fo = T; 

6) set up V~ + ~V2 + ~2V3. We obtain an approximate solution of problem (1)-(2) at the points of the gr id  
for  Fo = T; 

7) repeat  operat ions 1)-6) for Fo = 2~, 3 T , . . .  

We shall show how the above methods are  used in solving the following hea t - t r ans fe r  problem in an op- 
t ically thick plate: 

0Fo -- Ox ( l + 4 ~ ( l + V )  ~ ~ , 0 < x < l ;  (19) 

O~x x=o c)V j V ( x ,  O) = O, OV : :  0, ~ - - x  ix= ' = Ki; (20 

= 4 a T ~ / 3 k a p ,  a = 5.69- 10-SW/m2-(deg K) 4, To= 293 ~ 

ap = 100m -~, k = 1.185W/m.deg K, Ki : 0.5; 1.0; 2.0; 3.0, 

V is the dimensionless  temperature .  

The solution of this problem by the s m a l l - p a r a m e t e r  method with two t e rms  in the expansion (15) is 
shown in Fig. 1 (solid curves).  The graphs are  taken f rom [1]. As the smal l  pa ramete r  we took ~ = 0.0161. 
Figure  1 also shows the graphs of the solution of problem (19)-(20) (dashed curves ) ,  which were obtained by 
the method of simulation on the R gr id analog. We used the implicit  difference scheme (5) written in the fo rm 
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h_ [Vi,h+l --Vi~] = [1 + 4p~ (1 + Vi+l ,h)3l [Vi+, , a + l -  V t . k + d -  
T (21) 
- - [1  + 4 ~ ( 1  + Vi.h) a] [Vi,h+l--Vi-l,k+l], i = 1 . . . . .  N - - l :  

Vi0 = 0,- Vow, = V t k ,  V m , - -  VN--I ,k = h Ki. 

We se lec ted  h = 0.1, r = 0.05. 

It  can be  seen  f r o m  the g raphs  that  for  0 - Ki _ 1 the t e m p e r a t u r e  f ields ca lcula ted  by the s m a l l -  
p a r a m e t e r  method with two t e r m s  of the expansion (15) ag ree  fa i r ly  weU with the solution of the p rob l em (21). 

It  was  es tab l i shed  expe r imen ta l ly  that fo r  2 _< Ki ___ 3 taking account  of the third t e r m  of the expansion 
in powers  of the smal l  p a r a m e t e r  in (15) yields  a t e m p e r a t u r e  field which p rac t i ca l ly  coincides with the fields 
ca lcu la ted  f r o m  (21). 

f o r m  

The third t e r m  is de t e rmined  f r o m  the conditions: 

0% 
- -  + f W ~ ,  v..), 

0 Fo Ox 2 

v (x, o) =o ,  v ; L = o  = v L= , = o, 

f = 12 (I + V,) 2 [2V;~V'2~ + V~xx] + 4 (1 + V,) 3 V~.x x + 24V 2 (1 + Vt) [V~x]~. 

The values  of V1 and V 2 a r e  taken f r o m  [1]. 

Equation (22) was a lso  s imula ted  on the R gr id  analog. We used the d i f fe rence  scheme  of (18), in the 

(22) 

Vi,h+l - -  Vik  = Vi+l,h+l - -  2Vi,k+l "Jr Vi--l k-}-I 
~: .... h2 " + fi ,k+ 1, 

Vio = O, Vok = V~k, ~%k = V ~ _ l ,  ~. 

lo 
2. 

3. 
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